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It is proved that for no n can the Hamming space [0, 1]n be partitioned into
three Hamming spheres of any, not necessarily equal radii. This fact is remarkable,
since for every k{3 there exist values of n for which the n-dimensional Hamming
space can be partitioned into k spheres.  1996 Academic Press, Inc.
The n-dimensional Hamming space is the set [0, 1]n, endowed with the
Hamming metric. The Hamming distance of the sequences x=x1x2 } } } xn
and y=y1y2 } } } yn is defined as dH(x, y)=ni=1 |xi& yi |. The Hamming
sphere S(x, r) centered at x and with radius r is the set
S(x, r)=[y; dH(x, y)r].
Many interesting and important combinatorial facts find their most natural
formulation in terms of a geometric approach to binary strings as
suggested by the Hamming terminology. Among these, the most outstand-
ing is the ‘‘isoperimetric property’’ of the Hamming sphere, discovered by
Katona [2]. His result is a combination of a theorem of Harper [1] and
of the KruskalKatona theorem [4, 3]. Packings of the Hamming space
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with spheres of equal radius are the central topic of coding theory [6].
Tight packings with Hamming spheres of equal radius, i.e., packings which
are coverings at the same time, are rare and are studied under the name of
perfect codes, cf. e.g. [5]. It seems natural to ask whether the Hamming
space can be split into any number of spheres.
First of all, the whole Hamming space is itself a sphere. Furthermore,
since the complement of a Hamming sphere is a sphere, any Hamming
sphere can be split into 2 spheres. More importantly,
Lemma 1. For any k>3 the Hamming space [0, 1]k&2 can be parti-
tioned into k spheres.
Proof. Fix n and let 0 denote the sequence x # [0, 1]n with xi=0,
i=1, ...n. Clearly, the set S(0, 1) can be regarded as the union of n+1
spheres of radius 0, while its complement also is a sphere. These altogether
n+2 spheres yield the desired partition. K
It is the more surprising that
Theorem 1. If the Hamming space [0, 1]n is partitioned into three non-
empty sets A, B, and C, then at least one of these sets is not a Hamming
sphere.
Proof. In a first step, we prove the statement in a special case by show-
ing that if A=S(x, r) and C=S(y, t) for arbitrary natural numbers r and
t while the sequences x and y are anti-podal, i.e. have distance n, then B
cannot be a sphere. Clearly, without restricting generality, we can suppose
that x=0, and hence y=1 (where 1=1 } } } 1). To this end, let 6 be the
family of all the bijections of [0, 1]n onto itself obtained by permuting the
coordinates in every sequence in the same way. Thus, for each of the per-
mutations of [1, 2, ...n] we define a bijection of our space onto itself.
Consider any ? # 6. Clearly, ? leaves both of the spheres S(0, r) and S(1, t)
invariant, and therefore, also the set
B=[0, 1]n&S(0, r)&S(1, t)
must be left invariant by ?. However, were B a sphere, then it would have
a unique center, and thus this very center would be left invariant by ?.
Hence, supposing that B=S(z, s) for some z # [0, 1]n we see that ?(z)=z
must hold for every ? # 6. This would imply that the sequence z must have
all its coordinates equal. But the only sequences with this property are 0
and 1 none of which can be the center of a sphere disjoint from both A
and C.
The general case is easily reducible to the above. In fact, suppose as
before that A=S(x, r) and C=S(y, t) for arbitrary natural numbers r
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and t and for some sequences x and y in our Hamming space. Without
restricting generality we can suppose that x=0. Further, let M[1, 2, ..., n]
be the set of those coordinates i of y in which we have yi=1. Further, let
6(M) be the set of those bijections of our Hamming space that are in 6
and leave y invariant. Clearly, all of these transformations leave invariant
both of our sets A and C. Hence it follows that they leave invariant our set
B=[0, 1]n&A&C as well. Supposing that B is a sphere, we have a unique
z # [0, 1]n such that B=S(z, s) for some integer s. As before, this would
imply that every ? # 6(M) leaves invariant our sequence z. This can only
happen because all of the coordinates i for which i # M have the same value
zi , and likewise, z is constant in the coordinates belonging to the comple-
ment [1, 2, ..., n]&M of M. Furthermore, z must be different from both 0
and y. This means that z is either antipodal to 0 (and thus z=1), or else
z is antipodal to y. In each case we would end up having a partition of our
Hamming space into three disjoint spheres of which two are antipodal; but
this is impossible by our previous argument. K
It would be interesting to characterize all pairs of integers k and n such
that the ndimensional Hamming space can be partitioned into k disjoint
spheres.
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